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Abstract
Scale-space energy density function (E(x, r)) is defined as the derivative of the two-point
velocity correlation Qii(x, r): E(x, r) = −
1
2∂Qii(x, r)/∂r, where x is the spatial coordinate of
interest and r is the separation vector. The function E describes the turbulent kinetic energy
density of scale r at a location x and can be considered as the generalization of spectral energy
density function concept to inhomogeneous flows. We derive the transport equation for the scale-
space energy density function in compressible flows to develop a better understanding of scale-
to-scale energy transfer and the degree of non-locality of the energy interactions. Specifically,
the effects of variable-density and dilatation on turbulence energy dynamics are identified. It
is expected that these findings will yield deeper insight into compressibility effects leading to
improved models at all levels of closure for mass flux, density-variance, pressure-dilatation,
pressure-strain correlation and dilatational dissipation processes.
1 Introduction
Fluid turbulence is a non-linear, non-local phenomenon exhibiting the characteristics of a chaotic
system. Much of the complexity of turbulence arises from the intricacies of energy exchange among
different scales of motion (non-linearity effects) and nearly intractable interactions between different
regions of the flow (non-locality effects). Statistically-steady, incompressible homogeneous turbu-
lence represents the simplest manifestation of this complex flow phenomenon. In this canonical case,
energy distribution and exchange among scales can be conveniently considered in spectral space. Fur-
ther, two-point correlations are dependent only on separation vector and hence amenable to simpler
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analysis. In such flows, Kolmogorov hypotheses (Kolmogorov, 1941, 1962) lead to an insightful sta-
tistical description of energy distribution and exchange among the different spectral scales of motion.
Ka´rma´n-Howarth-Monin (KHM) equations (von Ka´rma´n & Howarth, 1938; Monin, 1959) govern the
elementary multi-point statistical behavior. However, real-world turbulent flows are nearly always
inhomogeneous featuring exponential instabilities, coherent structures and other spatio-temporal fea-
tures. Further, compressibility can profoundly change the energy distribution and inter-scale energy
transfer features of turbulence. For these flows, there is a pressing need to develop the mathemati-
cal framework for describing scale-to-scale energy transfer and elementary multi-point interactions.
Such a development will further our physical understanding of these non-canonical effects and lead
to improved closure models for flows of practical interest.
Over the last twenty years, useful progress has been made to incorporate inhomogeneity effects
into the classical analyses. Danaila et al. (2001) propose modifications to the KHM equation to ac-
count for lateral diffusion and inhomogeneity in channel flows. Hill (2002) derives an exact equation
for the second-order structure function, which applies to inhomogeneous and anisotropic turbulent
flows. This generalized KHM equation provides a reasonable basis for analysis of interscale en-
ergy flux in anisotropic conditions and may be utilized for deriving sub-grid scale closure models
– Casciola et al. (2003). In practical inhomogeneous flows, generalized KHM equation indicate the
likelihood of significant departures from the canonical scale-space energy transfer behaviour. For
example, Cimarelli & De Angelis (2012) point to the possibility of inverse energy transfer from small
to large scales in strongly anisotropic inhomogeneous turbulence fields. By filtering the general-
ized KHM equations, the authors propose a methodology to improve the sub-grid scale models.
Gomes-Fernandes et al. (2015) employ the generalized KHM equation to analyze the experimen-
tal data from grid-generated turbulence and demonstrate the occurrence of inverse cascade in the
streamwise direction and forward cascade in the transverse direction. The KHM-based analysis of
Mollicone et al. (2018) shows that the advection of energy in the joint location-scale space causes
vortical structures in the shear layer to be advected or dissipated. Thus the generalized KHM equa-
tion and subsequent modifications have enhanced our understanding of interscale energy transfer in
anisotropic and inhomogeneous flows.
The next step in the natural progression toward further analytical development is to develop a
physical space equivalent of spectral energy density function that is applicable to inhomogeneous
turbulence fields. Clearly, such a function must be positive semi-definite, and the integral of such
a density function over the entire range of scales at a given location must yield the local turbulent
kinetic energy. The trace of the second-order structure function is amenable to the interpretation that
it represents (twice) the energy contained in all scales of size smaller than r. Davidson & Pearson
(2005) proposes that the derivative of the second-order structure function can be considered as the
physical scale-space energy density function as it possesses all of the requisite characteristics. For
incompressible inhomogeneous flows, Hamba (2015, 2018) derives a transport equation for scale-space
energy density function by taking an appropriate derivative of the two-point correlation function. The
author also demonstrates that filtering the transport equation can directly lead to insight and subgrid
closure modeling guidance for important turbulence processes such a pressure-strain correlation,
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transport and dissipation in incompressible turbulent flows.
The progress in including compressibility effects into KHM and scale-space energy analysis has
been more limited. Clark & Spitz (1995) develop two-point velocity correlation function transport
equation for variable-density turbulence. Lai et al. (2018) derive the variable-density KHM equations
and demonstrate the effects of non-uniform density on the interscale energy transfer. While the above
studies address variable-density physics, compressibility effects arising from high Mach numbers are
not considered. The emergence of dilatational velocity field in high-speed compressible flows leads
to fundamental changes in energy interactions that are not encountered in low-speed variable den-
sity flows. Mittal & Girimaji (2019) propose a basic framework for examining turbulent kinetic and
internal energy interactions in such flows. Praturi & Girimaji (2019) derive the spectral energy den-
sity equations for homogeneous compressible flows. However, the fundamental changes in turbulence
dynamics (non-locality of different processes and energy interactions) arising from inhomogeneous
dilatational velocity field remains to be analyzed and investigated.
Thus, the objective of this work is to derive the transport equation for the scale-space energy
density function in inhomogeneous variable-density and compressible flows.
2 Scale-space energy density
2.1 Energy density definition
Two-point velocity correlation function forms the basis of scale-space energy density function (Hamba,
2015). In compressible or variable density flows, the definition of two-point correlation must be gen-
eralized to include the effects of density variation in space (Clark & Spitz, 1995). Thus we use the
following definition of two-point correlation,
Qij(x, r) =
1
2
[ρ(x) + ρ(x+ r)] u′′i (x)u
′′
j (x+ r), (1)
where u′′i is the fluctuation from Favre averaged velocity (u˜ = ρu/ρ¯). For r = 0, Qij reduces to the
Reynolds stress Rij(x). Then, the trace of the tensor yields the volume-averaged turbulent kinetic
energy, K(x) = Rii(x)/2 = Qii(x, 0)/2. The correlations decay to zero in a fully developed turbulent
flow as the separation distance becomes large, Qij(x,∞) = 0. Then, the energy density in scale-space
is identified as
E(x, r) = −
1
2
∂
∂r
Qii(x, r). (2)
This definition is consistent with that proposed by Hamba (2015) for incompressible turbulent flows,
except for the inclusion of fluid density in Qii.
Turbulent kinetic energy and the Reynolds stress are given by K = 1
2
ρu′′i u
′′
i and Rij = ρu
′′
i u
′′
j
respectively. It must be noted that the turbulent kinetic energy defined here is a volume-averaged
quantity, not a mass-averaged one as in the case of incompressible turbulence. In inhomogeneous
turbulent flows, these quantities are functions of the spatial coordinates. Therefore,at a given time,
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both K and Rij are functions of x in general. The turbulent kinetic energy and energy density in
scale space are related by,
K(x) =
∫ ∞
0
E(x, r) dr, (3)
implying that the turbulent kinetic energy at any spatial location is the integral of the energy density
over all scales at that location. In other words, E(r)dr is the amount of energy residing in eddies
of size r to r + dr. In homogeneous turbulence, where a Fourier representation is possible, there
is a similar relation - E(k)dk is the energy content of wavenumbers in a spherical shell of radius
k. Therefore, this new energy density definition is equivalent to the energy spectrum in Fourier
space. However, unlike the latter, the applicability of E(x, r) is not constrained by the homogeneity
requirement. This makes the energy density a more appropriate choice for inhomogeneous flows in
nature and engineering.
2.2 Transport equation for Qij(x, r)
Transport equations for quantities such as turbulent kinetic energy, second-order structure function
and energy spectrum provide invaluable insight into the turbulence dynamics. Hence, it is of much
value to develop a transport equation for the newly defined energy density to gain an in-depth
understanding of the turbulent dynamics across different scales of motion. By definition (2), E(x, r)
is the derivative of the two-point correlation. Therefore, an exact equation for the energy density
function starts with that for Qij(x, r). A detailed derivation of the two-point correlation transport
equation (Clark & Spitz (1995)) is derived from the compressible Navier-Stokes equations in the
Appendix. For the sake of completeness, the key steps are outlined here.
The pressure, density and velocity fields in compressible turbulent flows are decomposed to a
mean and fluctuating part. Reynolds averaging (overbar, .¯) is employed for pressure and density
fields, whereas a density-weighted or Favre averaging (tilde, .˜) is used for the velocity field.
p = p¯+ p′, ρ = ρ¯+ ρ′, u = u˜+ u′′. (4)
Fluctuations from Reynolds and Favre averages are denoted by ( ′) and ( ′′) respectively. It is possible
to express the fluctuating velocity field equation in two forms - one for u′′ and another for ρu′′.
∂u′′i
∂t
+ u′′k
∂(u˜i + u
′′
i )
∂xk
+ u˜k
∂u′′i
∂xk
=
(
v¯ −
1
ρ¯
)
∂σ¯ik
∂xk
+ v′
∂σ¯ik
∂xk
+ v
∂σ′ik
∂xk
+
1
ρ¯
∂ρ¯Rik
∂xk
, (5)
∂ρu′′i
∂t
+
∂
∂xk
(ρu′′i [u˜k + u
′′
k]) + ρu
′′
k
∂u˜k
∂xk
=
∂σ′ik
∂xk
+
(
1−
ρ
ρ¯
)
∂σ¯ik
∂xk
+
ρ
ρ¯
∂ρ¯Rik
∂xk
. (6)
Here σij = pδij + τij , where τij is the viscous stress tensor and v is the specific volume.
For compressible and variable density flows, the correlation between points x and x′ is the average
of [ρ (x) + ρ (x′)]u′′i (x)u
′′
j (x
′). The equation for this quantity is obtained from equations 5 and 6
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after suitable manipulations:
∂
∂t
[ρ (x) + ρ (x′)] u′′i (x) u
′′
j (x
′) = ρ (x′)u′′j (x
′)
∂u′′i
∂t
(x) + u′′i (x)
∂
∂t
(
ρ (x′) u′′j (x
′)
)
+ ρ (x) u′′i (x)
∂u′′j
∂t
(x′) + u′′j (x
′)
∂
∂t
(
ρ (x) u′′j (x)
)
. (7)
Similar operations are performed for all the terms in equations 5 and 6. Then, setting x′ = x + r,
the spatial derivatives at x and x′ transform to,
∂
∂xk
∣∣∣∣
x
=
∂
∂xk
−
∂
∂rk
;
∂
∂xk
∣∣∣∣
x
′
=
∂
∂rk
. (8)
This transformation brings in derivatives with respect to the separation vector which are crucial to
achieving the objective of representing the dynamics in scale-space. Similar transformations of the
independent variables are employed by Hill (2002) to obtain exact equations of second-order structure-
function in incompressible flows. Following this, the transport equation for two-point correlation is
given by (see Appendix and (Clark & Spitz, 1995) for further details),
∂Qij(x, r)
∂t
+
∂Qij(x, r)u˜k(x)
∂xk
= −Qkj(x, r)
∂u˜i(x)
∂xk
−Qik(x, r)
∂u˜j(x + r)
∂xk︸ ︷︷ ︸
Pij
−
∂Tijk(x, r)
∂xk︸ ︷︷ ︸
Duij
+
1
2
[
Φpij(x,x+ r) + Φ
p
ji(x+ r,x)
]
︸ ︷︷ ︸
D
p
ij
+
1
2
[
Φνij(x,x+ r) + Φ
ν
ji(x+ r,x)
]
︸ ︷︷ ︸
Dνij
+
1
2
[
Ψpij(x,x+ r) + Ψ
p
ji(x+ r,x)
]
︸ ︷︷ ︸
Πij
+
1
2
[
Ψνij(x,x+ r) + Ψ
ν
ji(x+ r,x)
]
︸ ︷︷ ︸
ǫij
+
1
2
Qij(x, r)
[
∂u˜k(x)
∂xk
+
∂u˜k(x + r)
∂xk
]
︸ ︷︷ ︸
χij
+
1
2
Q
(−)
ij (x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
]
︸ ︷︷ ︸
χ−ij
+ρ(x+ r)u′′i (x)u
′′
j (x+ r)
∂u′′k(x)
∂xk
+ ρ(x)u′′i (x)u
′′
j (x+ r)
∂u′′k(x+ r)
∂xk︸ ︷︷ ︸
δij
+
1
2
(
ai(x,x+ r)
∂σ¯jk(x+ r)
∂xk
+ aj(x+ r,x)
∂σ¯ik(x+ r)
∂xk
)
︸ ︷︷ ︸
Σij
+
1
2
[cij(x,x+ r) + cji(x+ r,x)]︸ ︷︷ ︸
Rij
−
∂
∂rk
[
1
2
(ρ(x) + ρ(x + r))u′′i (x)u
′′
j (x+ r)(u
′′
k(x+ r)− u
′′
k(x)) + (u˜k(x + r)− u˜k(x))Qij(x, r)
]
︸ ︷︷ ︸
Tij
, (9)
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where the various correlations are,
Q
(−)
ij (x, r) =
1
2
[ρ(x)− ρ(x + r)]u′′i (x)u
′′
j (x+ r) , (10)
Tijk(x, r) =
1
2
(ρ(x) + ρ(x + r))u′′i (x)u
′′
j (x+ r)u
′′
k(x), (11)
Ψpij(x,x+ r) =
[
1 +
ρ(x)
ρ(x+ r)
]
p′(x + r)
∂u′′i (x)
∂xj
, (12)
Ψνij(x,x+ r) = −
[
1 +
ρ(x)
ρ(x + r)
]
τ ′jk(x+ r)
∂u′′i (x)
∂xk
, (13)
Φpij(x,x+ r) = −
[
1 +
ρ(x)
ρ(x + r)
]
∂u′′i (x)p
′(x+ r)
∂xk
δjk (14)
Φνij(x,x+ r) =
[
1 +
ρ(x)
ρ(x+ r)
]
∂u′′i (x)τ
′
jk(x + r)
∂xk
(15)
ai(x,x+ r) = −ρ(x)u′′i (x)v(x+ r)− u
′′
i (x) +
ρ(x+ r)u′′i (x)
ρ¯(x+ r)
, (16)
cij(x,x+ r) =
ρ(x + r)u′′i (x)
ρ¯(x+ r)
∂Rjk(x+ r)
∂xk
. (17)
The term Pij represents the production of two-point correlation and Tij is the turbulent diffu-
sion of Qij(x, r). The effect of fluctuating viscous stress and pressure are accounted in the term
Ψij . The other mechanisms that influence the two-point correlation are mean flow dilatation (χij),
inhomogeneity of mean field dilatation
(
χ−ij
)
, fluctuating field dilatation (δij), mean stress (Σij) and
turbulent stress (Rij). The last line, which are gradients in scale space, is the transport across the
scales - one part of which is due to the mean velocity and the other due to the fluctuating field.
These interscale transfer terms originate from the non-linear part of the Navier-Stokes equation.
2.3 Transport equation for E(x, r)
The scale-space energy density function E(x, r) is obtained by differentiating the derivative of the
trace of the two-point correlation equation 9 with respect to r:
DE(x, r)
Dt
= Pr +D
u
r +D
p
r +D
ν
r − ǫr + Tr +Πr + χr + δr + Σr +Rr, (18)
where D
Dt
= ∂
∂t
+ u˜k(x)
∂
∂xk
. The right hand side of equation 18 describes the various physical mech-
anisms influencing the distribution of turbulent kinetic energy across scales at any given location in
physical space. Each of these terms is discussed in detail below.
The first of these is the production of energy density,
Pr = −
1
2
∂Pii
∂r
=
1
2
∂Qki(x, r)
∂r
(
∂u˜i(x)
∂xk
+
∂u˜k(x)
∂xi
)
+
1
2
∂
∂r
(
Qik(x, r)
∂(u˜i(x+ r)− u˜i(x))
∂xk
)
, (19)
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which is equivalent to the turbulent kinetic energy production by mean shear. The production
of energy density describes how extraction of energy from mean flow by turbulence varies across
different scales of motion. The first part of Pr is due to the mean shear at the physical location x,
whereas the second part accounts for spatial difference in mean shear which implies that statistical
inhomogeneity alters how turbulent energy is produced at different scales. There are no explicit
compressibility effects associated with production.
The transport terms - turbulent, pressure and viscous respectively are considered next:
Dur = −
1
2
∂Duii
∂r
=
1
4
∂
∂xk
(
∂(ρ(x) + ρ(x + r)) u′′i (x)u
′′
i (x+ r)u
′′
k(x)
∂r
)
, (20)
Dpr = −
1
2
∂Dpii
∂r
=
1
4
∂
∂r
([
1 +
ρ(x)
ρ(x+ r)
]
∂u′′k(x)p
′(x + r)
∂xk
+
[
1 +
ρ(x+ r)
ρ(x)
]
∂u′′k(x + r)p
′(x)
∂xk
)
, (21)
Dνr = −
1
2
∂Dνii
∂r
= −
1
4
∂
∂r
([
1 +
ρ(x)
ρ(x+ r)
]
∂u′′i (x)τ
′
ik(x+ r)
∂xk
+
[
1 +
ρ(x + r)
ρ(x)
]
∂u′′i (x + r)τ
′
ik(x)
∂xk
)
. (22)
All these transport terms have equivalent counter parts in the single-point statistics budget and re-
duces to those respective terms on integration in scale space. These terms provide information about
the scales at which these processes occur. All these diffusion contributions vanish in homogeneous
turbulent flow. In variable-density turbulence, these terms may play a significant role.
The viscous dissipation of scale-space energy density is given by,
ǫr =
1
2
∂ǫii
∂r
= −
1
4
∂
∂r
([
1 +
ρ(x)
ρ(x+ r)
]
τ ′ik(x+ r)
∂u′′i (x)
∂xk
+
[
1 +
ρ(x+ r)
ρ(x)
]
τ ′ik(x)
∂u′′i (x+ r)
∂xk
)
. (23)
This term represents the dissipation of turbulent kinetic energy at a given scale. Dissipation is a
characteristic feature of turbulent flows irrespective of whether the flow is compressible or incom-
pressible, homogeneous or inhomogeneous. Our existing knowledge of turbulence is that dissipation
is a small scale phenomenon.
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One of the important aspects of the turbulent scale dynamics is scale energy transfer by which
energy is transferred from the energy producing large scales to the dissipative small scales. The
interscale transfer term in the above budget equation,
Tr = −
1
2
∂Tii
∂r
=
1
4
∂
∂r
∂
∂rk
(
[ρ(x) + ρ(x + r)] u′′i (x)u
′′
i (x+ r)[u˜k(x+ r)− u˜k(x)]
)
+
1
4
∂
∂r
∂
∂rk
(
[ρ(x) + ρ(x+ r)] u′′i (x)u
′′
i (x+ r)[u
′′
k(x+ r)− u
′′
k(x)]
)
, (24)
quantifies the energy pathways across the scales. The first part of equation 24 features energy
transfer due to mean velocity differences, indicating that spatial inhomogeneity is key to inter-
scale transfer mechanism. The second part is due to differences in velocity fluctuations. In KHM
literature these are called linear and non-linear transfer, respectively (Alves-Portela et al., 2017).
Cimarelli & De Angelis (2012) point out the inhomogeneity can give rise to inverse transfer of en-
ergy from small to large scales. The linear transfer term accounts for these inhomegeneities. The
interscale transfer term originates from the non-linearity of the compressible Navier-Stokes equa-
tions, and being a wholly scale-space mechanism, is not accounted for in the turbulent kinetic energy
budget. The nonlinear interscale transfer, like dissipation, is relevant in homogeneous and inhomo-
geneous cases, but the linear contribution is only present in inhomogeneous flow field. The interscale
transfer can alternatively be written as the gradient in scale space of an energy flux, either as
Tr = −
∂
∂r
ΠE , ΠE = −
1
4
∂
∂rk
(
[ρ(x) + ρ(x+ r)] u′′i (x)u
′′
i (x+ r) [uk(x + r)− uk(x)]
)
(25)
or as,
Tr = −∇r.FE , FE = −
1
4
∂
∂r
(
[ρ(x) + ρ(x + r)] u′′i (x)u
′′
i (x+ r) [uk(x+ r)− uk(x)]
)
. (26)
The scalar flux in equation 25 represents energy flux for a given scale size r, whereas FE represents
the flux in three-dimensional scale-space. The latter simplifies analysis of direction of energy transfer
in the scale-space, similar to those found in KHM literature (Mollicone et al., 2018).
Pressure-dilatation effect which is exclusive to compressible flows is given by,
Πr = −
1
2
∂Πii
∂r
= −
1
4
∂
∂r
([
1 +
ρ(x)
ρ(x+ r)
]
p′(x + r)
∂u′′i (x)
∂xi
+
[
1 +
ρ(x+ r)
ρ(x)
]
p′(x)
∂u′′i (x + r)
∂xi
)
, (27)
and orginates from Πij term in equation 9. This term upon integration over the scale-space yields
the pressure-strain correlation term in turbulent kinetic energy budget. This is a compressible flow
phenomenon which is relevant in both homogeneous and inhomogeneous turbulence. The effects of
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pressure-strain correlation in compressible turbulent flows has been the subject of various studies over
the years. The Πr term in equation 18 may be employed to analyse the scales at which redistribution
of kinetic energy by pressure occurs and if there is any transfer across scales due to the effects of
pressure.
The remaining terms in the transport equation stem fr0m the effects of compressibility. The
contribution from mean flow dilatation,
χr =−
1
2
∂
∂r
(
χ−ii + χii
)
− E(x, r)
∂u˜k
∂xk
=−
1
4
Qii(x, r)
∂
∂r
(
∂u˜k(x+ r)
∂xk
)
+
1
2
E(x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
]
−
1
4
∂
∂r
(
Q
(−)
ii (x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
])
, (28)
accounts for inhomogeneity of mean field dilatation and combines the effects of χQ and χ
−
Q. The
effect vanishes in homogeneous turbulent flows. Integral of χr over the scale space is zero which
implies that it is a scale-space phenomenon. Therefore, dilatation of mean velocity field plays a role
in the scale-space dynamics in compressible turbulent flows.
The fluctuating field dilatation effects on the scale-space energy density is given by,
δr = −
1
2
∂δii
∂r
= −
1
2
∂
∂r
(
ρ(x+ r)u′′i (x)u
′′
j (x+ r)
∂u′′k(x)
∂xk
+ ρ(x)u′′i (x)u
′′
j (x+ r)
∂u′′k(x+ r)
∂rk
)
(29)
also originate from the non-linear terms in Navier-Stokes equations.
The contribution from mean stress effects,
Σr = −
1
2
∂Σii
∂r
= −
1
4
∂
∂r
(
ai(x,x+ r)
∂σ¯ik(x+ r)
∂xk
+ ai(x + r,x)
∂σ¯ik(x)
∂xk
)
, (30)
corresponds to the mass-flux contributions to turbulent kinetic energy budget as shown in Gatski & Bonnet
(2009). Even though mass-flux effects on turbulent kinetic energy budget are found to be very neg-
ligible in most cases, the scale-space representation makes it possible to analyze if it plays a role in
energy transfer in the scale-space.
The turbulent stress term,
Rr = −
1
2
∂Rii
∂r
= −
1
4
∂
∂r
(
ci(x,x+ r)
∂Rik(x+ r)
∂xk
+ ci(x+ r,x)
∂Rik(x)
∂xk
)
(31)
vanishes on integration over scale-space, which implies that it is a scale-space phenomenon. This
term indicates that spatial variation of turbulent stress, coupled with density fluctuations, has an
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impact on the turbulent flow dynamics at different scales of motion. Both the mean and turbulent
stress effects are due to non-uniform density field which is a feature of compressible flows. Similar
terms, therefore, appear in the variable-density generalisation of KHM equation by Lai et al. (2018).
Homogeneous turbulence: all terms, except the dilatation contributions, viscous dissipation
and energy transfer in scale space due to fluctuating velocity, vanish.
∂E
∂t
= −ǫr +Πr + Tr + δr (32)
The terms on the right-hand side results in energy transfer across scales as well as to internal energy.
Apart from the viscous dissipation, these phenomena are due to the non-linear inertial effects and
the action of pressure, for which Praturi & Girimaji (2019) provide an equation in the spectral space.
Equation 32 is a much simplified form of the transport equation 18, which implies that inhomogeneity
introduces a lot more dynamics into the system from the perspective of energy density in scale space.
Incompressible limit: the effects of dilatation and variable density are absent. The transport
equation for energy density function reduces to
DE
Dt
= Pr +D
u
r +D
p
r +D
ν
r − ǫr + Tr, (33)
which is same as that given by Hamba (2015). If the flow is homogenous, the equation further
simplifies to
∂E
∂t
= −ǫr + Tr. (34)
In comparison, the compressible variant of the equation has dilatation effects which influences energy
transfer across scales as well as that between kinetic and internal energies.
3 Summary and conclusion
The scale-space energy density function E(x, r) describes the energy intensity in different scales (r)
of turbulent motion at various locations (x) in the flow field. The function E(x, r) not only extends
the concept of spectral energy density distribution to inhomogeneous flows, but it also describes
detailed energy interactions between any two locations in the flow field. In this work, the transport
equations for E(x, r) in variable-density and compressible flows is developed by differentiating the
trace of density-weighted two-point velocity correlation tensor Q(x, r) (Clark & Spitz, 1995) with
respect to separation distance. In the limit of vanishing dilatation and uniform density, the new
transport equation simplifies to that derived in Hamba (2015) for incompressible flows. In homo-
geneous turbulence, the present equation is consistent with the spectral energy density equation of
Praturi & Girimaji (2019).
The integral of E(x, r) over the entire range of scales yields the turbulent kinetic energy budget
equation at a given spatial location. The derivation procedure provides valuable insight into the
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scale-distribution and degree of non-locality of compressibility effects on energy production, dissi-
pation and turbulent transport. Such an equation will serve as the foundation for examining the
influence of shocks, chemical reaction (combustion), compression/expansion waves and dilatational
flow structures on scale-to-scale energy transfer and non-locality effects in inhomogeneous high Mach
number turbulent flows. Filtering the scale-space energy density function along the lines of Hamba
(2018) can lead to the development of advanced cut-off dependent closure models for practical flow
computations
Appendix: Derivation of the exact transport equation
The energy density function is defined in terms of the two-point velocity correlation and therefore, a
transport equation for energy density is derived from that for two-point correlation. The derivation
starts from the compressible Navier-Stokes equation (Clark, 2016).
∂ρui
∂t
+
∂ρuiuj
∂xj
=
∂σij
∂xj
, (35)
where σij = −pδij + τij and
τij = µ
(
∂ui
∂xj
+
∂uj
∂xi
−
2
3
∂uk
∂xk
)
. (36)
The mass conservation equation is,
∂ρ
∂t
+
∂ρuk
∂xk
= 0. (37)
From (35) and (37), exact equation for instantaneous velocity is given by,
∂ui
∂t
+ uj
∂ui
∂xj
=
1
ρ
∂σij
∂xj
. (38)
Applying Favre-averaging to the momentum and mass conservation equations,
∂ρ¯u˜i
∂t
+
∂ρ¯u˜iu˜j
∂xj
+
∂Rij
∂xj
=
∂σ¯ij
∂xj
, (39)
∂ρ¯
∂t
+
∂ρ¯u˜k
∂xk
=0, (40)
where Rij = ρu
′′
i u
′′
j is the turbulent stress. From these an exact equation for u˜i is obtained as,
∂u˜i
∂t
+ u˜j
∂u˜i
∂xj
+
1
ρ¯
∂Rij
∂xj
=
1
ρ¯
∂σ¯ij
∂xj
. (41)
Then the equation for fluctuating velocity is obtained by subtracting (41) from (38),
∂u′′i
∂t
+ uj
∂u′′i
∂xj
+ u′′j
∂u˜i
∂xj
−
1
ρ¯
∂Rij
∂xj
=
1
ρ
∂σ′ij
∂xj
+
(
v −
1
ρ¯
)
∂σ¯ij
∂xj
, (42)
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where v = 1/ρ is the specific volume. However, 1/ρ¯ 6= v¯. This equation can be rewritten in the
conservative form, by making use of (37), as
∂ρu′′i
∂t
+
∂ρu′′i uj
∂xj
+ ρu′′j
∂u˜i
∂xj
−
ρ
ρ¯
∂Rij
∂xj
=
∂σ′ij
∂xj
+
(
1−
ρ
ρ¯
)
∂σ¯ij
∂xj
. (43)
Two-point correlation transport equation
To derive the two-point correlation transport equation we consider two points x1 and x2. Fluctuating
velocity equation at x1 and x2 in their primitve and conservative forms are as follows.
∂u′′i (x1)
∂t
+ uk (x1)
∂u′′i (x1)
∂xk
+ u′′k (x1)
∂u˜i (x1)
∂xk
−
1
ρ¯ (x1)
∂Rik (x1)
∂xk
=
1
ρ (x1)
∂σ′ik (x1)
∂xk
+
(
v (x1)−
1
ρ¯ (x1)
)
∂σ¯ik (x1)
∂xk
, (44a)
∂ρ (x1)u
′′
i (x1)
∂t
+
∂ρ (x1) u
′′
i (x1) uk (x1)
∂xk
+ ρ (x1) u
′′
k (x1)
∂u˜i (x1)
∂xk
−
ρ (x1)
ρ¯ (x1)
∂Rik (x1)
∂xk
=
∂σ′ik (x1)
∂xk
+
(
1−
ρ (x1)
ρ¯ (x1)
)
∂σ¯ik (x1)
∂xk
, (44b)
∂u′′j (x2)
∂t
+ uk (x2)
∂u′′j (x2)
∂xk
+ u′′k (x2)
∂u˜j (x2)
∂xk
−
1
ρ¯ (x2)
∂Rjk (x2)
∂xk
=
1
ρ (x2)
∂σ′jk (x2)
∂xk
+
(
v (x2)−
1
ρ¯ (x2)
)
∂σ¯jk (x2)
∂xk
, (44c)
∂ρ (x2) u
′′
j (x2)
∂t
+
∂ρ (x2)u
′′
j (x2)uk (x2)
∂xk
+ ρ (x2) u
′′
k (x2)
∂u˜j (x2)
∂xk
−
ρ (x2)
ρ¯ (x2)
∂Rjk (x2)
∂xk
=
∂σ′jk (x2)
∂xk
+
(
1−
ρ (x2)
ρ¯ (x2)
)
∂σ¯jk (x2)
∂xk
. (44d)
The two-point correlation is defined as,
Qij (x1, x2) =
1
2
[ρ(x1) + ρ(x2)] u′′i (x1)u
′′
j (x2). (45)
The time derivative of the unaveraged product is,
1
2
∂(ρ(x1) + ρ(x2)) u
′′
i (x1)u
′′
j (x2)
∂t
=
1
2
∂ρ(x2)u
′′
j (x2)u
′′
i (x1)
∂t
+
1
2
∂ρ(x1)u
′′
i (x1)u
′′
j (x2)
∂t
= ρ(x2)u
′′
j (x2)
∂u′′i (x1)
∂t︸ ︷︷ ︸
(44a)
+u′′i (x1)
∂ρ(x2)u
′′
j (x2)
∂t︸ ︷︷ ︸
(44d)
+ρ(x1)u
′′
i (x1)
∂u′′j (x2)
∂t︸ ︷︷ ︸
(44c)
+u′′j (x2)
∂ρ(x1)u
′′
i (x1)
∂t︸ ︷︷ ︸
(44b)
(46)
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Therefore, an exact equation for the two-point correlation is obtained by performing these opeartions
on the above equations and averaging. We note that x1 and x2 are independent and the spatial
derivatives at these locations are denoted by subscripts 1 or 2. Each of these terms is discussed
below.
Terms featuring u˜k(x1):
ρ(x2)u′′j (x2)u˜k (x1)
∂u′′i (x1)
∂xk1
+ u′′j (x2)
∂ρ (x1)u′′i (x1) u˜k (x1)
∂xk1
=
∂ρ(x2)u′′j (x2)u
′′
i (x1) u˜k (x1)
∂xk1
+
∂ρ (x1)u′′j (x2)u
′′
i (x1) u˜k (x1)
∂xk1
− ρ(x2)u′′i (x1)u
′′
j (x2)
∂u˜k (x1)
∂xk1
=
∂Qij(x1, x2)u˜k (x1)
∂xk1
−
1
2
ρ(x2)u′′i (x1) u
′′
j (x2)
∂u˜k (x1)
∂xk1
(47)
The terms with u˜k (x2) also reduce to a similar form and collecting the terms with minus sign from
these,
1
2
ρ (x1)u′′i (x1)u
′′
j (x2)
∂u˜k (x1)
∂xk1
+
1
2
ρ (x1) u′′j (x2) u
′′
i (x1)
∂u˜k (x2)
∂xk2
=
1
2
[
ρ (x2)−
ρ (x1)
2
+
ρ (x1)
2
]
u′′i (x1) u
′′
j (x2)
∂u˜k (x1)
∂xk1
+
1
2
[
ρ (x1)−
ρ (x2)
2
+
ρ (x2)
2
]
ρ (x1) u
′′
j (x2) u
′′
i (x1)
∂u˜k (x2)
∂xk2
=
1
4
[ρ (x1) + ρ (x2)] u
′′
i (x1) u
′′
j (x2)
∂u˜k (x1)
∂xk1
+
1
4
[ρ (x1) + ρ (x2)] u
′′
i (x1) u
′′
j (x2)
∂u˜k (x2)
∂xk2
−
1
4
[ρ (x2)− ρ (x1)] u′′i (x1) u
′′
j (x2)
∂u˜k (x1)
∂xk1
+
1
4
[ρ (x1)− ρ (x2)]u′′i (x1)u
′′
j (x2)
∂u˜k (x2)
∂xk2
=
1
2
Qij(x1, x2)
[
∂u˜k (x1)
∂xk1
+
∂u˜k (x2)
∂xk2
]
+
1
2
Q
(−)
ij (x1, x2)
[
∂u˜k (x2)
∂xk2
−
∂u˜k (x1)
∂xk1
]
, (48)
where Q
(−)
ij (x1, x2) =
1
2
[ρ (x1)− ρ (x2)] u′′i (x1) u
′′
j (x2).
Terms featuring u˜i(x1) and u˜j(x2):
1
2
ρ (x2)u
′′
j (x2)u
′′
k (x1)
∂u˜i (x1)
∂xk1
+
1
2
u′′j (x2) ρ (x1) u
′′
k (x1)
∂u˜i (x1)
∂xk1
= Qkj(x1, x2)
∂u˜i (x1)
∂xk1
(49)
1
2
ρ (x1)u′′i (x1)u
′′
k (x2)
∂u˜j (x2)
∂xk2
+
1
2
u′′i (x1) ρ (x2)u
′′
k (x2)
∂u˜j (x2)
∂xk2
= Qkj(x1, x2)
∂u˜j (x2)
∂xk2
(50)
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Triple correlation terms:
1
2
ρ(x2)u′′j (x2)u
′′
k(x1)
∂u′′i (x1)
∂xk1
+
1
2
u′′j (x2)
∂ρ(x1)u
′′
i (x1)u
′′
k(x1)
∂xk1
=
1
2
∂ρ(x2)u′′j (x2)u
′′
i (x1)u
′′
k(x1)
∂xk1
+
1
2
∂ρ(x1)u′′i (x1)u
′′
j (x2)u
′′
k(x1)
∂xk1
−
1
2
ρ(x2)u
′′
j (x2)u
′′
i (x1)
∂u′′k(x1)
∂xk1
=
1
2
∂
∂xk1
[ρ (x1) + ρ (x2)] u
′′
i (x1) u
′′
j (x2) u
′′
k (x1)−
1
2
ρ(x2)u
′′
j (x2)u
′′
i (x1)
∂u′′k(x1)
∂xk1
(51)
The triple correlations from (44c) and (44d) has a similar form. The terms with minus sign can be
written as,
1
2
ρ(x2)u′′j (x2)u
′′
i (x1)
∂u′′k(x1)
∂xk1
+
1
2
ρ(x1)u′′j (x2)u
′′
i (x1)
∂u′′k(x2)
∂xk2
=
1
2
[ρ(x2) + ρ(x1) + ρ(x2)− ρ(x1)] u
′′
j (x2)u
′′
i (x1)
∂u′′k(x1)
∂xk1
+
1
2
[ρ(x1) + ρ(x2) + ρ(x1)− ρ(x2)] u
′′
j (x2)u
′′
i (x1)
∂u′′k(x2)
∂xk2
=
1
2
[ρ(x1) + ρ(x2)]u′′i (x1)u
′′
j (x2)
∂u′′k(x1)
∂xk1
−
1
2
[ρ(x1)− ρ(x2)] u′′i (x1)u
′′
j (x2)
∂u′′k(x1)
∂xk1
+
1
2
[ρ(x1) + ρ(x2)] u′′j (x2)u
′′
i (x1)
∂u′′k(x2)
∂xk2
+
1
2
[ρ(x1)− ρ(x2)]u′′j (x2)u
′′
i (x1)
∂u′′k(x2)
∂xk2
=
1
2
[Hij (x1, x2; x2) +Hji (x2, x1; x1)] +
1
2
[
H−ij (x1, x2; x2)−H
−
ji (x2, x1; x1)
]
, (52)
where,
Hij (x1, x2; x2) = 1/2[ρ (x1) + ρ (x2)] u′′i (x1) u
′′
j (x2)
∂u′′k (x2)
∂xk2
(53)
H−ij (x1, x2; x2) = 1/2[ρ (x1)− ρ (x2)] u
′′
i (x1)u
′′
j (x2)
∂u′′k (x2)
∂xk2
. (54)
Alternatively, these can be simplified to,
1
2
[Hij (x1, x2; x2) +Hji (x2, x1; x1)] +
1
2
[
H−ij (x1, x2; x2)−H
−
ji (x2, x1; x1)
]
=
1
2
ρ (x2)u′′i (x1)u
′′
j (x2)
∂u′′k (x1)
∂xk1
+
1
2
ρ (x1) u′′i (x1) u
′′
j (x2)
∂u′′k (x2)
∂xk2
. (55)
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Fluctuating stress terms:
1
2
ρ(x2)u′′j (x2)v(x1)
∂σ′ik(x1)
∂xk1
+
1
2
u′′j (x2)
∂σ′ik(x1)
∂xk1
=
1
2
u′′j (x2)
[
1 +
ρ(x2)
ρ(x1)
]
∂σ′ik(x1)
∂xk1
=
1
2
Ψji(x2, x1) (56)
Then by noting that x2 = x1+r, the derivatives can be written as (F. Hamba, private communication,
April 2018),
∂u′′j (x2)
∂xk2
=
∂u′′j (x1 + r)
∂rk
=
∂u′′j (x2)
∂xk1
. (57)
∴ Ψji (x2, x1) =
[
1 +
ρ(x2)
ρ(x1)
]
∂
∂xk1
u′′j (x2)σ
′
ik (x1)−
[
1 +
ρ(x2)
ρ(x1)
]
σ′ik (x1)
∂u′′j (x2)
∂xk2
=
[
1 +
ρ(x2)
ρ(x1)
]
∂
∂xk1
u′′j (x2) τ
′
ik (x1)−
[
1 +
ρ(x2)
ρ(x1)
]
τ ′ik (x1)
∂u′′j (x2)
∂xk2
−
[
1 +
ρ(x2)
ρ(x1)
]
∂
∂xi1
u′′j (x2) p (x1) +
[
1 +
ρ(x2)
ρ(x1)
]
p (x1)
∂u′′j (x2)
∂xi2
(58)
Coeffecient of mean stress gradient σ¯:
−
1
2
ρ (x2)u
′′
j (x2)
(
v (x1)−
1
ρ¯ (x1)
)
−
1
2
u′′j (x2)
(
1−
ρ (x1)
ρ¯ (x1)
)
=
−
1
2
[ρ (x1) + ρ (x2)] u
′′
j (x2)
(
v (x1)−
1
ρ¯ (x1)
)
= −
1
2
ρ (x2) u
′′
j (x2) v (x1)−
1
2
u′′j (x2) +
1
2
ρ (x1) u′′j (x2)
ρ¯ (x1)
(59)
Coefficient of turbulent stress:
−
1
2
ρ (x2)u
′′
j (x2)/ρ¯ (x1)−
1
2
ρ (x1) u
′′
j (x2)/ρ¯ (x1) = −
1
2
ρ (x1)u′′j (x2)
ρ¯ (x1)
(60)
Then by applying a coordinate transformation,
x1 = x,x2 = x+ r,
∂
∂xk1
=
∂
∂xk
−
∂
∂rk
,
∂
∂xk2
=
∂
∂rk
,
along with the relations (57), the exact equation for two-point correlation is obtained (equation 2.9
in the manuscript). The linear and non-linear transport in the scale space are obtained by this
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transformation.
∂
∂xk1
Qij (x1, x2) u˜k (x1) +
∂
∂xk2
Qij (x1, x2) u˜k (x2) =
∂
∂xk
Qij (x, r) u˜k(x)
+
∂
∂rk
Qij (x, r) [u˜k(x+ r)− u˜(x)] (61)
∂
∂xk1
1
2
[ρ (x1) + ρ (x2)] u
′′
i (x1)u
′′
j (x2) u
′′k (x1) +
∂
∂xk2
1
2
[ρ (x1) + ρ (x2)]u
′′
i (x1)u
′′
j (x2)u
′′k (x2) =
∂Tijk(x, r)
∂xk
+
1
2
∂
∂rk
[ρ(x) + ρ(x + r)] u′′i (x)u
′′
j (x+ r) [u
′′
k(x+ r)− u
′′
k(x)] (62)
The transport equation for the trace of the two-point tensor is,
∂Qii(x, r)
∂t
+
∂Qii(x, r)u˜k(x)
∂xk
= −Qki(x, r)
∂u˜i(x)
∂xk
−Qik(x, r)
∂u˜i(x + r)
∂xk︸ ︷︷ ︸
Pii
−
∂Tiik(x, r)
∂xk︸ ︷︷ ︸
Duii
+
1
2
[Φpii(x,x + r) + Φ
p
ii(x+ r,x)]︸ ︷︷ ︸
D
p
ii
+
1
2
[Φνii(x,x+ r) + Φ
ν
ii(x+ r,x)]︸ ︷︷ ︸
Dνii
+
1
2
[Ψpii(x,x+ r) + Ψ
p
ii(x+ r,x)]︸ ︷︷ ︸
Πii
+
1
2
[Ψνii(x,x+ r) + Ψ
ν
ii(x+ r,x)]︸ ︷︷ ︸
ǫii
+
1
2
Qii(x, r)
[
∂u˜k(x)
∂xk
+
∂u˜k(x+ r)
∂xk
]
︸ ︷︷ ︸
χii
+
1
2
Q
(−)
ii (x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
]
︸ ︷︷ ︸
χ−ii
+
1
2
ρ(x + r)u′′i (x)u
′′
i (x + r)
∂u′′k(x)
∂xk
+
1
2
ρ(x)u′′i (x)u
′′
i (x + r)
∂u′′k(x + r)
∂xk︸ ︷︷ ︸
δii
+
1
2
(
ai(x,x + r)
∂σ¯ik(x + r)
∂xk
+ ai(x+ r,x)
∂σ¯ik(x+ r)
∂xk
)
︸ ︷︷ ︸
Σii
+
1
2
[cii(x,x+ r) + cii(x+ r,x)]︸ ︷︷ ︸
Rii
−
∂
∂rk
[
1
2
(ρ(x) + ρ(x+ r)) u′′i (x)u
′′
i (x+ r)(u
′′
k(x+ r)− u
′′
k(x)) + (u˜k(x+ r)− u˜k(x))Qii(x, r)
]
︸ ︷︷ ︸
Tii
,
(63)
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Energy density budget
Energy density is defined as
E(x, r) = −
1
2
∂
∂r
Qii(x, r)
A transport equation for energy density is obtained by doing the operation −1
2
∂
∂r
on equation 63.
Differentiation with respect to r commutes with those in space and time.
Time derivative:
−
1
2
∂
∂r
∂Qii(x, r)
∂t
=
∂
∂t
(
−
1
2
∂
∂r
Qii(x, r)
)
=
∂E(x, r)
∂t
(64)
The spatial derivative on the LHS of (63) yields,
−
1
2
∂
∂r
(
∂Qii(x, r)u˜k(x)
∂xk
)
= −
1
2
∂
∂r
(
u˜k(x)
∂Qii(x, r)
∂xk
+Qii(x, r)
∂u˜k(x)
∂xk
)
= u˜k(x)
∂
∂xk
(
−
1
2
∂Qii(x, r)
∂r
)
+
(
−
1
2
∂Qii(x, r)
∂r
)
∂u˜k(x)
∂xk
= u˜k(x)
∂E(x, r)
∂xk
+ E(x, r)
∂u˜k(x)
∂xk
, (65)
of which the first term is retained on the left and the other is coupled with the mean field dilatation
effects on the right.
The mean shear terms on the RHS give,
∂
∂r
(
Qki(x, r)
∂u˜i(x)
∂xk
+Qik(x, r)
∂u˜i(x+ r)
∂xk
)
=
∂Qki(x, r)
∂r
∂u˜i(x)
∂xk
+
∂
∂r
(
Qik(x, r)
∂u˜i(x+ r)
∂xk
)
+
∂Qik(x, r)
∂r
∂u˜i(x)
∂xk
−
∂Qik(x, r)
∂r
∂u˜i(x)
∂xk
=
∂Qki(x, r)
∂r
(
∂u˜i(x)
∂xk
+
∂u˜k(x)
∂xi
)
+
∂
∂r
(
Qik(x, r)
∂(u˜i(x + r)− u˜i(x))
∂xk
)
(66)
From χii,
−
1
4
∂
∂r
(
Qii(x, r)
[
∂u˜k(x)
∂xk
+
∂u˜k(x + r)
∂xk
])
=−
1
4
∂Qii(x, r)
∂r
[
∂u˜k(x)
∂xk
+
∂u˜k(x + r)
∂xk
]
−
1
4
Qii(x, r)
∂
∂r
[
∂u˜k(x)
∂xk
+
∂u˜k(x+ r)
∂xk
]
=
1
2
E(x, r)
[
∂u˜k(x)
∂xk
+
∂u˜k(x + r)
∂xk
]
−
1
4
Qii(x, r)
∂
∂r
(
∂u˜k(x+ r)
∂xk
)
, (67)
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which when coupled with (65) and the derivative of χ−ii represents the contribution of mean field
dilatation on energy density evolution as,
χr =−
1
4
Qii(x, r)
∂
∂r
(
∂u˜k(x+ r)
∂xk
)
+
1
2
E(x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
]
−
1
4
∂
∂r
(
Q
(−)
ii (x, r)
[
∂u˜k(x+ r)
∂xk
−
∂u˜k(x)
∂xk
])
. (68)
The other terms are expressed as the derivatives in r and require no further manipulations. The final
form of the energy density budget is given in the main article.
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